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Note

On the Calculation of Combined Corrections
in the LMTO Method

1. INTRODUCTION

The LMTO method proposed by O. K. Andersen [ 1] is the most efficient tool
for computing the electron properties of solids in the formalism of density func-
tional. In the simplest version of the method a real unit cell is substituted with an
atomic sphere of the same volume (atomic sphere approximation, ASA) with
spheric potential and electron density. The ASA can be improved if we take into
account the real form of a cell, i.e., compute the combined corrections (CC) to: the
ASA. The improvement is important for calculations of optical properties [27, for
disordered systems, etc.

The usual way to compute these corrections is to do some summation in the
reciprocal space [1] and to store the correspondent coefficients in computer
memory. But it have been found that the CC can be computed in the direct
space via the standard structure constants of the LMTO method [3]. Following
Andersen [4] we have derived the expressions for the CC which are always suitable
for the systems with broken translational symmetry. Our notations. are almost
equivalent to [1,4].

2. REAL SPACE REPRESENTATION FOR THE COMBINED CORRECTIONS

Let us discuss the muffin-tin tesselation of some solid (Fig. 1). We can surround
each atom with an arbitrary cell envelope by Wigner-Seitz procedure. In general,
it would be the Voronoi polyhedra (for disordered systems). The MT-orbitals
yrz(Tr) are attributed to every atom with the origin at R, where rg=r—R and
L=Im is an orbital quantum number and its projection. In ASA we neglect the
contribution from the interstitial region. Then the combined correction to the
Hamiltonian Hy.,x; and overlap matricies Og, g, calculated in ASA takes the
form

AOgpre=I[trolare]= {troltrr} — troelares
AHg pre=Verlirol2re]
Here {---} and {---) mean the integral over the whole space and atomic

spheres, respectively, vg.g is the average value of the potential in the interstitial
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Fic. 1. The Voronoi tesselation of the crystal potential. The dashed area is an interstitial space with
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constant potential. § is a surface of spheridized MT-potential, and 2 is a boundary of Voronoi

polyhedra.

region. O. K. Andersen has proposed to use the zero value of electron kinetic energy
in the interstitial region, k> =0, afterwards in this region MTO equals yg,(rg)=
Xri(DL)(sp/rg)' T i'Y,(rg), where yp(D,) is the value of MTO on the atomic
sphere of radius sg and Y, (rg) is the usual spherical harmonic, r=|r—R| [1].
We introduce the set of orbitals Ng,(rz) from expression yg (rz)=
Ari(D)(sg/W)"* Ng,(rg), where w is the mean radius of the atomic sphere. Then
we get

[xror | xre] = xrr (DL’)(SR’/W)l/z [Ngp| NRL](SR/W)1/2 XrADp). (1)

We have used the standard expansion for Ng,(rg),

Nro(tg) = Ngp (Tr') Ogoprr — Z Jro(Tg) Sgermrps
I

where Jg,(rg)=[2(2/+1)] ' (rg/w) 'Y (rg). The set of coefficients Sg.,.p; are
the standard structure constants of the LMTO method [17]:

, 21"— 1

— 1/2 I'+1/2 1+1/2 (

SR’L'RL_ 2(471:) (SR’/W) (SR/W) * (21_ 1)” (2[/ _ 1)!'
“Cro-(W/R=RN" [(4m)2i"Y (R —R')T*, (2)

where CLL,Luzjdn Y,;(n) Y¥(n) Y,.(n) are the Gaunt coefficients. The orbitals
Ng:(rg) and Jg,(rg) we can treat as a special case of more general set Ay, (rg) and
Hri(rg) which are the eigenfunctions of Helmholz operator (V2 + «2). In explicit
form

Mrelrr) = —(W/sg)"? (resg)' ™ ' my(xrg) Yo (rp)/(20— 1)1, (3a)
Hrr(rr) = (w/se)'? (21— 1) j(krg) Y 1 (rR)/2 (ksg), (3b)
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where the », and j, are the spherical Bessel functions. For MTO A%, (rg), we have
the expansion formula

Nro(rr) = Npp (Pr) O me — z Hror(Pr) Srerres (4)
I

Now we can use the Green identity for new set and afterwards go to the limit
x? — 0. We implement the Green identity to the interstitial region (which is dashed
on the figure) for the MTOs Ay, (k?, rg) and Ay, (k% rg),

L do[ A % (K7, TRY) V2 Nri (K2, 1R) — N (6%, 1R) V2 (/Vﬁ'u("%a )]
= [ dSTH w6 t) VA% ) = A0, 1) VA (] 1) ]
.

There s and 2 means the integration over an A4S surface and the cell boundary,
subsequently. Integrals over X' compensate for each other and for integrals over an
AS surface we use Eq.(4). Using the property V2 Ay, = —x’Ag,, we get the
equality

(3= ) [ do A (], r) Mn (1) = =T Wi Mk ()
rR”

where the Wronskian W is determined as W{f, g} =s%(s)g(s)[D(s)— D(f)],
D(s) = s(df/dr)/f (s), r=s. Afterwards we take the limit x{ — 0 in Eqg. (5), differen-
tiate it over k> — 0, and use Eq. (4). Hence we get the main result

[Ngp|Nep]=— W{N, NirOrrrit Serre W{N, Jhr+ W{J, Nig Smrme
+ W{J, Nir SR’L’RL— > SR’L’R”L”W{j’ Jir: Sreme-
R"L"

Here a subscript near the Wronskian indicates the site where it is calculated. Using
Eg. (3) we get the important relation

1 1 1
3 _ 15 o+ 2, Y o2
w[Ngp | Neil 271 (sr/W) 5RLRL+[4(2I+1)(SR/W) +4(21,+1)(5R/W) ]
X Spriri— 3 W—ZSR/L'RL
-8 (sr-/w)? ! S (6)
oo, DRERALRITL 420+ 1)? (20" + 3) TRERE

This equation together with Eq. (1) gives the value of LMTO combined corrections
via Sgox. and Sgporp = (dSrrr/d)a o
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In the case of a crystal lattice the combined corrections of a type [Nk, .| N% ] are
needed, where N, “;L = Xg Ngr.(rr) exp(ikR) are the Bloch sums and q is the position
of atom in a basis. After Bloch summing in Eq. (6) we immediately get the final
expression for CC,

_ 1 1
w 3[N;"L’|NL] (sq/W) qL’qL+|:m—1_) Sq/W w)?+ (21/+1)(S /W):|

X S];’L’qL ) w —2S]¢;'L’qL
— T S 1 S, ™
ey q'L'q"L q 4(21” + 1)2 (2[// + 3) q"L"qL>

where S%,., are the structure constants defined by Eq.(1), S%,.,. =
> Srrz €xp(ikT), T is a vector of translation.
Introducing vectors A=R—-R’'=T -3, d=q' —q we can write

8 4
(2= 7(I21' —n (sg/w) 12 (sg/w)/ T2

‘%’LRL(KZ) =

XY, Crpop (W)™ np(ed) i7" YE(A), (®)

L"

where L' =1I"m", I'=1|[-1], |l—l’| +2,.,l+/, and m" =m’' —m. After differen-
tiation of Eq. (8) and taking limit x> — 0 the only remaining terms in the sum will
be l"=[+/!and I"=]+1 -2,

WﬁzSR’L’RL = (Sq'/W)1,+ 12 (Sq/W)1+ 2 8L fLL’L”(A)I:(4n)1/2 i Y;-(A)]*, (9a)
where

1
Srorr=—(4/2w) 8,00,00 0+ 57— 22~ 1)

X (w/d)" = 0y 1y O = 1-1), (9b)

(W/A)l 151",1+ (1= 38)

where 0(x)=1 when x>0 and 6(x) =0 when x < 0. It should be noted that .S has
the term /=1!=/"=0 which increases with the distance as [R—R’|/w. It can be
circumvented in the case of a crystal if we use the Ewals summation technique [6].
Namely, let us write the relation between the LMTO structure constants S, ., [1]
and KKR ones 45,.., [6,7],

1

2
k r'+1/2 1+1/2 4k 2
Sevar= LM @y 1y e T (s T g (%), (10a)

where
A;‘,L/qL=4nZi‘l"CLL,L”DlzL,L,,(;cZ). (10b)
o
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The KKR constants D%, .,. are simply evaluated with the Ewald technique [6].
After differentiation in (10) and taking the limit x> — 0 we get the result,

WS g = (sg/W) 1 (sg/w)"* 2 explik(g' —q)]
X k 5k
[grrvetvr—2 qu,qlwvzmr,m+gL'L,1"=1+1/Zq«_q,”m,_m]s
{11a)

where X% _ ./ _am-mand % ., .., are the standard LMTO dimensioniess
structure constants (see Eq. (4.48) in [1]) and the modified one, respectively.
The Ewald form [6] that we have used for standard structure constants 35, is

8 372
o= (”erxp igd)(w [k +g1) " oy, Vi (k+g)
4 A
S T explikA)w/a) VW) | de & expl )
— 2w 150 ¢:¢/T" 2, (11b)

and, for modified structure constants 3 ¥, we get the similar expression (A= |/—1'|):

— 8753/2 W3
o= i 0.
1+ |k+g12/4;12] Ox g Yi(K+8)
(_.
+( 1)”
+ 8 100 4-g/ (2T PW). (1ic)

X expligd)w K+l
T exp(kA)w/A) ! V) | de £ exp(—)

Here Q. is the volume of unit cell, oy, ,=exp[ —(k+g)*/4%°], n is an Ewald
factor, in all sums the term A =0 is excluded. For the sake of clarity we can
remaind the relation between standard structure contants S* and Y* [1]:

Ww2SE Lar = (5g/w) T2 (sg/w)' * 2 explik(q' — q)]
(11d)

XgL'L,l":1+1'qu_q;”fm/,m-
Formulae (1), (7), and (11) allows us to compute the combined corrections con-
currently with ASA terms and economize computer storage and speed up calcula-
tions. This procedure, where applied in our Fortran code and the computation of
CC in the present scheme, has become approximately half as much time and disk
storage consuming in comparison with the standard scheme [1].
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Almost analogously we can write the combined corrections with the localized
MTOs N ;“z ['5, 5] So, for the case of a crystal we have

w 3Nk | N ]

o

1 2 1 2
=21=1 G/ Oriar {[4(21+ s 1] (5q/)

1 = U S
’ [4(21/ +1) - 1] (Sq’/W)z} Star— W S aL

_y sk 1 A
o TEYELAQUr+ 1 2 +3) 200 +1) 27 —1

J (Sq"/w)2
1 . o
—3W 20(,,} S s

where S** are the screened structure constants, o=, are the scteening constants,
and d; may be used as free parameters. The term increasing with the distance in
Eq. (9) now does not allow one to get the expression for the dotted S-matrix con-
veniently for computation, so in [4] the authors have used numerical differentia-
tion.

To complete the discussion it is necessary to present the explicit expressions for
the coefficients g,., :

Qr -1 c
QI—-1)1r — 1)1 T

g =—2(4n)"”

In the case of /=141, m"=m' —m they are given in [17]:
Sver=i+r= bmrmerm
tmpmrme = (= 1Y" T L2021+ 1)1+ )" +m") (1" —m")1 ]2
L2+ D)I+m)N (I—m) ' +mN (I —m) Y2

For the case I"=1[4+1—2, m"=m' —m we obtain

gL’L, V=lyr—-2= — Ulml’m’l"m” tlml’m'l”m”

x[221—1)y2I —1)(2I"+3)] 4,
where
Uity =({—m—=1){—m)I'—=m' =)' —=m") 0(I =2 —m) O(I' =2 —m’)
=2(l+m)l—m)I'+m")I'—m') 0(I—1—|m])0(I' —1—|m’]|)
+(+m—1)(+m)I'+m =1 +m )0 —2+m) O —2+m’).
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3. CONCLUSION

In the present paper we have derived the explicit formulae for the so-called com-
bined corrections to the atomic sphere approximation (ASA) in the LMTO method
via structure constants and their energy derivatives suitable for crystals and disor-
dered solids. The Ewald procedure is used to calculate CC for the crystal with an
arbitrary basis. The procedure sufficiently economizes the computer time and
storage needed. This procedure- may be evidently gencralized for computing some
class of matrix elements with the standard MTO s or the localized ones.
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